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CRYSTAL BASES OF q-DEFORMED KAC MODULES OVER THE
QUANTUM SUPERALGEBRA Uq(gl(m|n))
JAE-HOON KWON
Abstract. We introduce the notion of a crystal base of a finite dimensional q-
deformed Kac module over the quantum superalgebra Uq(gl(m|n)), and prove its
existence and uniqueness. In particular, we obtain the crystal base of a finite
dimensional irreducible Uq(gl(m|n))-module with typical highest weight. We also
show that the crystal base of a q-deformed Kac module is compatible with that of
its irreducible quotient V (λ) given by Benkart, Kang and Kashiwara when V (λ)
is an irreducible polynomial representation.
1. Introduction
1.1. Background. Let Uq(g) be the quantized enveloping algebra associated with
a symmetrizable Kac-Moody algebra g. The Kashiwara ’s crystal base theory [11]
is a study of a certain nice basis of a Uq(g)-module M at q = 0, which still contains
important combinatorial information on M , and for the last couple of decades it has
been one of the most important and successful tools in understanding the structures
of modules over both g and Uq(g).
Let gl(m|n) be a general linear Lie superalgebra over the complex numbers and
Uq(gl(m|n)) its quantized enveloping algebra [19]. In [1], Benkart, Kang and Kashi-
wara developed the crystal base theory for a certain category of Uq(gl(m|n))-modules
called Oint, which includes the irreducible factors appearing in a tensor power of the
natural representation, often referred to as irreducible polynomial representations.
An irreducible Uq(gl(m|n))-module in Oint can be viewed as a natural super-analogue
of a finite dimensional irreducible Uq(gl(m+n))-module since it is isomorphic to an
irreducible polynomial representation tensored by a one dimensional representation.
They proved that an irreducible module in Oint has a unique crystal base, and
showed that its associated crystal can be realized in terms of (m|n)-hook semistan-
dard tableaux [2] when it is polynomial.
The crystal base of an irreducible module in Oint has several interesting features,
which are not parallel to those over symmetrizable Kac-Moody (super) algebras
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[7, 11]. For example, it is twisted compared to the usual crystal base over Uq(gl(m)⊕
gl(n)) in the sense that it is a lower crystal base as a Uq(gl(m|0))-module but is a
upper crystal base as a Uq(gl(0|n))-module. Its crystal also has fake highest weight
elements so that it becomes quite non-trivial to prove that the crystal is connected.
The existence of a crystal base of an arbitrary finite dimensional irreducible
Uq(gl(m|n))-module remains unknown unlike Uq(gl(m + n))-modules, and one of
the main obstacles in this problem is that a finite dimensional Uq(gl(m|n))-module
is not necessarily semisimple. Indeed, the semisimplicity of a tensor power of the
natural representation together with its polarizability is an essential ingredient in
proving the existence of a crystal base of an irreducible polynomial representation.
1.2. Main results. Let P be the integral weight lattice of gl(m|n) and let P+ be
the set of integral weights dominant with respect to its even subalgebra gl(m|n)0 =
gl(m|0)⊕gl(0|n). The finite dimensional irreducible gl(m|n)-modules with weights in
P are highest weight modules whose highest weights are parametrized by P+. There
is another important class of finite dimensional gl(m|n)-modules called Kac modules,
which are indecomposable highest weight modules parametrized by P+ [9]. As the
generalized or parabolic Verma modules do for gl(m+n)-modules in a parabolic BGG
category, they play the same role in a Kazhdan-Lusztig type character formula for
finite dimensional irreducible gl(m|n)-modules [3, 4, 17].
The purpose of this paper is to develop the crystal base theory of a q-deformed Kac
module K(λ) over Uq(gl(m|n)) for λ ∈ P
+. We introduce first the notion of a crystal
base of K(λ). Since K(λ) does not necessarily belong to Oint, we define modified
Kashiwara operators e˜0 and f˜0 on K(λ) associated to the odd isotropic simple root
α0, which are analogous to those on U
−
q (g) for a symmetrizable Kac-Moody algebra
g [11]. Then we show that K(λ) has a unique crystal base (Theorems 4.7 and 4.10),
which is the main result in this paper. In particular, we obtain the crystal base of
a finite dimensional irreducible Uq(gl(m|n))-module with typical highest weight.
The key idea of the proof is to realize K(λ) as a q-deformation of the exterior
algebra Λ((Cm)∗⊗Cn) [18] tensored by an irreducible highest weight Uq(gl(m|n)0)-
module Vm,n(λ) with highest weight λ. Note that the q-deformation of the exterior
algebra Λ((Cm)∗⊗Cn) has natural commuting actions of Uq(gl(m|0)) and Uq(gl(0|n))
(or an action of Uq(gl(m|n)0)) and here we extend it to a Uq(gl(m|n))-module by
using a PBW type basis of Uq(gl(m|n)). The crystal ofK(λ) has a simple description.
As an underlying set, it is given by
(1.1) P(Φ−1 )×Bm,n(λ),
3whereP(Φ−1 ) is the power set of the set of negative odd roots of gl(m|n) and Bm,n(λ)
is the crystal of Vm,n(λ). Also, the crystal structure on (1.1) can be described easily
(Section 5.1).
We next show that the crystal base of K(λ) is compatible with that of its irre-
ducible quotient V (λ) when V (λ) is an irreducible polynomial representation (The-
orem 4.11), that is, the canonical projection from K(λ) to V (λ) sends the crystal
base of K(λ) onto that of V (λ). Hence we may regard the crystal of V (λ) as a sub-
graph of the crystal of K(λ). We give a combinatorial description of its embedding
(Section 5.3) using the (m|n)-hook tableaux crystal model for V (λ) and the skew
dual RSK algorithm introduced by Sagan and Stanley [16].
The paper is organized as follows. In Section 2, we give necessary background
on the quantum superalgebra Uq(gl(m|n)). In Section 3, we review the crystal base
theory developed in [1]. In Section 4, we define the notion of a crystal base of a
Kac module and state the main results, whose proofs are given in the following two
sections.
Acknowledgement Part of this work was done while the author was visiting the
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2. Quantum superalgebra Uq(gl(m|n))
2.1. Lie superalgebra gl(m|n). For non-negative integers m,n, let [m|n] be a Z2-
graded set with [m|n]0 = {m, . . . , 1 }, [m|n]1 = { 1, . . . , n } and a linear ordering
m < . . . < 1 < 1 < . . . < n. We denote by |a| the degree of a ∈ [m|n]. Let C[m|n] be
the complex superspace with a basis { va | a ∈ [m|n] }, where the parity of va is |a|.
Let gl(m|n) denote the Lie superalgebra of [m|n]× [m|n] complex matrices, which
is spanned by Eab (a, b ∈ [m|n]) with 1 in the ath row and the bth column, and 0
elsewhere [8].
Let P∨ =
⊕
a∈[m|n] ZEaa be the dual weight lattice and h = C⊗Z P
∨ the Cartan
subalgebra of gl(m|n). Define ǫa ∈ h
∗ by 〈Ebb, ǫa〉 = δab for a, b ∈ [m|n], where
〈·, ·〉 denotes the natural pairing on h × h∗. Let P =
⊕
a∈[m|n] Zǫa be the weight
lattice of gl(m|n). For λ =
∑
a∈[m|n] λaǫa ∈ P , the parity of λ is defined to be
λ1 + · · · + λn mod 2 and denoted by |λ|. Let ( · | · ) denote a symmetric bilinear
form on h∗ = C⊗Z P given by (ǫa | ǫb) = (−1)
|a|δab for a, b ∈ [m|n].
Let I = Im|n = {m− 1, . . . , 1, 0, 1 . . . , n − 1 }, where we assume that Im|0 =
{m− 1, . . . , 1 } and I0|n = { 1 . . . , n−1 }. Then with respect to the Borel subalgebra
spanned by Eab (a ≤ b), the set of simple roots of gl(m|n) is Π = {αk | k ∈ Im|n },
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where
αk =

ǫi+1 − ǫi, if k = i ∈ Im|0,
ǫ1 − ǫ1, if k = 0,
ǫj − ǫj+1, if k = j ∈ I0|n.
Note that (αk|αk) = 2 (resp. −2) for k ∈ Im|0 (resp. I0|n), and (α0|α0) = 0. Let
Q =
⊕
k∈I Zαk be the root lattice, and Q
± = ±
∑
k∈I Z≥0αk. We have a partial
ordering on P , where λ ≥ µ if and only if λ− µ ∈ Q+ for λ, µ ∈ P .
The set of positive roots, even positive roots and odd positive roots are given by
Φ+ = { ǫa − ǫb | a < b },
Φ+0 = { ǫa − ǫb | a < b, |a| = |b| } = {α ∈ Φ
+ | (α|α) = ±2 },
Φ+1 = { ǫa − ǫb | a < b, |a| 6= |b| } = {α ∈ Φ
+ | (α|α) = 0 },
respectively.
The simple coroot hk (k ∈ I) corresponding to αk is the unique element in P
∨
satisfying lk〈hk, λ〉 = (αk|λ) for all λ ∈ P , where lk = 1 (resp. lk = −1) for
k ∈ Im|0 ∪ {0} (resp. k ∈ I0|n).
Let
P+ =
λ = ∑
a∈[m|n]
λaǫa ∈ P
∣∣∣∣∣ λm ≥ . . . ≥ λ1, λ1 ≥ . . . ≥ λn
 ,
which is the set of dominant integral weights for gl(m|0) ⊕ gl(0|n) ⊂ gl(m|n). For
λ ∈ P+, let
λ+ =
m∑
i=1
λiǫi, λ− =
n∑
j=1
λjǫj ,
Also, we let δ = ǫm + · · ·+ ǫ1 − ǫ1 − · · · − ǫn, where we have δ+ = ǫm + · · ·+ ǫ1 and
δ− = −ǫ1 − · · · − ǫn.
2.2. Quantum superalgebra Uq(gl(m|n)). We assume that q is an indeterminate.
The quanum superalgebra Uq(gl(m|n)) is the associative superalgebra (or Z2-graded
algebra) over Q(q) generated by ek, fk ( k ∈ I ) and q
h (h ∈ P∨ ), which are subject
5to the following relations [1, 19]:
deg(qh) = 0, deg(ek) = deg(fk) = |αk|,
q0 = 1, qh+h
′
= qhqh
′
, for h, h′ ∈ P∨,
qhek = q
〈h,αk〉ekq
h, qhfk = q
−〈h,αk〉fkq
h,
ekfl − (−1)
|αk ||αl|flek = δkl
tk − t
−1
k
qk − q
−1
k
,
ekel − (−1)
|αk||αl|elek = fkfl − (−1)
|αk ||αl|flfk = 0, if (αk|αl) = 0,
e2kel − (q + q
−1)ekelek + ele
2
k = 0, if k 6= 0 and (αk|αl) 6= 0,
f2kfl − (q + q
−1)fkflfk + flf
2
k = 0, if k 6= 0 and (αk|αl) 6= 0,
e0e1e0e1 + e1e0e1e0 + e0e1e0e1 + e1e0e1e0 − (q + q
−1)e0e1e1e0 = 0,
f0f1f0f1 + f1f0f1f0 + f0f1f0f1 + f1¯f0f1f0 − (q + q
−1)f0f1f1f0 = 0.
Here, qk = q
lk and tk = q
lkhk .
For simplicity, we will assume the following notations throughout the paper:
· U = Uq(gl(m|n)),
· U± : the subalgebras generated by ek and fk (k ∈ I), respectively,
· U0 : the subalgebra generated by qh (h ∈ P∨),
· Um,n : the subalgebra generated by q
h, ek, fk (h ∈ P
∨, k ∈ I \ {0}),
· U±m,n = Um,n ∩ U
±,
· Um|0 : the subalgebra generated by q
Ei i , ek, fk (i = 1, . . . ,m, k ∈ Im|0),
· U0|n : the subalgebra generated by q
Ejj , ek, fk (j = 1, . . . , n, k ∈ I0|n).
There is a Hopf superalgebra structure on U , where the comultiplication ∆ is
given by
∆(qh) = qh ⊗ qh,
∆(ek) = ek ⊗ t
−1
k + 1⊗ ek,
∆(fk) = fk ⊗ 1 + tk ⊗ fk,
the antipode S is given by
S(qh) = q−h, S(ek) = −ektk, S(fk) = −t
−1
k fk,
and the couint ε is given by ε(qh) = 1, ε(ek) = ε(fk) = 0 for h ∈ P
∨ and k ∈ I.
A U -module M is always understood to be a U -supermodule, that is, M =
M0 ⊕M1 with UiMj ⊂ Mi+j for i, j ∈ Z2 (see [8] for basic notions related with
superalgebras). We also have a superalgebra structure on U ⊗ U with the multipli-
cation (u1 ⊗ u2)(v1 ⊗ v2) = (−1)
|u2||v1|(u1v1)⊗ (u2v2), where |u| denotes the degree
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of a homogeneous element u ∈ U . Hence, we have a U -module structure on M1⊗M2
via the comultiplication ∆ for U -modules M1 and M2.
For µ ∈ P , Mµ = {m | q
hm = q〈h,µ〉m (h ∈ P∨) } is called a weight space of
M with weight µ. When M =
⊕
µ∈P Mµ, we say that M has a weight space
decomposition. Throughout this paper, we assume that the Z2-grading on M is
induced from the parity of its weights when M has a weight space decomposition.
Note that Um,n ∼= Um|0 ⊗U0|n as a Q(q)-algebra, and Um|0 (resp. U0|n) is isomor-
phic to the quantized enveloping algebra Uq(glm) (resp. Uq−1(gln)), whose sl2-copy
is generated by ek, fk and tk for k ∈ Im|0 (resp. k ∈ I0|n). But, when we consider
a U0|n-module in this paper, we understand U0|n as Uv(gln), whose sl2-copy is gen-
erated by ek = ek, fk = fk and tk = t
−1
k with v = vk = q
−1
k = q for k ∈ I0|n. We
denote by ( · | · )′ = −( · | · ) the symmetric bilinear form on the weight lattice of U0|n
so that (αk|αk)
′ = 2 for k ∈ I0|n.
For λ ∈ P+, let Vm,n(λ) be an irreducible Um,n-module with highest weight λ, and
let Vm|0(λ+) (resp. V0|n(λ−)) the irreducible highest weight module over Um|0 (resp.
U0|n) with highest weight λ+ (resp. λ−). Note that Vm,n(λ) ∼= Vm|0(λ+)⊗ V0|n(λ−)
as a Um,n-module.
2.3. PBW type basis. We have U± =
⊕
α∈Q± U
±
α , where U
±
α = {u | q
huq−h =
q〈h,α〉u (h ∈ P∨) }. For x ∈ U+α , y ∈ U
+
β , we define the super q-bracket by
[x, y]q = xy − (−1)
|α||β|q−(α|β)yx.
For α ∈ Φ+ with α = αk + αk+1 + . . .+ αl (k < l), we define
eα = [[· · · [[ek, ek+1]q, ek+2]q · · · ]q, el]q.
Here, we assume a linear ordering m− 1 < . . . < 1 < 0 < 1 < . . . < n− 1 on I, and
k + 1 denotes the adjacent element in I, which is larger than k ∈ I.
We define a linear ordering on Φ+ by
α < β ⇐⇒ (a < c) or (a = c and b < d),
for α, β ∈ Φ+ with α = ǫa − ǫb and β = ǫc − ǫd. For α, β ∈ Φ
+ with α < β, it is
straightforward to check the following commutation relations (cf.[19]);
[eα, eβ ]q =

(−1)|α||δ|(q(α|γ−α) − q−(α|γ−α))eδeγ , for a < c < b < d,
eγ , for b = c,
0, otherwise,
(2.1)
where we assume that α = ǫa − ǫb, β = ǫc − ǫd, γ = ǫa − ǫd and δ = ǫc − ǫb. In
particular, we have e2α = 0 for α ∈ Φ
+
1 .
7Proposition 2.1 (Proposition 10.4.1 in [19]). Let
B+ =
{−−−→∏
α∈Φ+
emαα
∣∣∣mα ∈ Z≥0 for |α| = 0 and mα = 0, 1 for |α| = 1},
where the product is taken in the order of < on Φ+. Then B+ is a Q(q)-basis of
U+.
Let ♯ be the Q(q)-linear anti-involution on U given by e♯k = fk, f
♯
k = ek and
(qh)♯ = qh for k ∈ I and h ∈ P∨. Then B− = (B+)♯ is a Q(q)-basis of U−, and
(2.2) U ∼= U− ⊗ U0 ⊗ U+
as a Q(q)-vector space with a basis {u−qhu+ |u∓ ∈ B∓, h ∈ P∨ } [19, Theorem
10.5.1]. Since U is a Hopf superalgebra, we have a Q(q)-algebra homomorphism
ad : U −→ EndC(q)(U) given by
ad(qh)(u) = qhuq−h,
ad(ek)(u) = (eku− (−1)
|αk||u|uek)tk,
ad(fk)(u) = fku− (−1)
|αk ||u|tkut
−1
k fk,
(2.3)
for h ∈ P∨, k ∈ I and a homogeneous element u. For α ∈ Φ+, we put fα = e
♯
α. If
α = αk + αk+1 + . . .+ αl (k < l), then we have
fα = ad(fl) ◦ · · · ◦ ad(fk+2) ◦ ad(fk+1)(fk).
By applying ♯ to (2.1), we have
[fβ, fα]q =

(−1)|α||δ|(q(α|γ−α) − q−(α|γ−α))fγfδ, for a < c < b < d,
fγ , for b = c,
0, otherwise.
(2.4)
2.4. Parabolic decomposition and a q-deformed wedge space. For α ∈ Φ+1
with α = ǫi − ǫj , we put
fα = ad(fj−1) ◦ · · · ◦ ad(f1) ◦ ad(fi−1) ◦ · · · ◦ ad(f1)(f0)
= ad(fi−1) ◦ · · · ◦ ad(f1) ◦ ad(fj−1) ◦ · · · ◦ ad(f1)(f0).
(2.5)
Let K be the subalgebra of U− generated by fα (α ∈ Φ
+
1 ).
Let us define a linear ordering on Φ+1 by
α ≺ β ⇐⇒ (b < d) or (b = d and a > c)
for α, β ∈ Φ+1 with α = ǫa − ǫb and β = ǫc − ǫd. For S ⊂ Φ
+
1 with S = {β1 ≺ · · · ≺
βr }, we put
(2.6) fS = fβ1 · · · fβr .
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Here we assume that fS = 1 when S = ∅. It is straightforward to check that for
α = ǫi − ǫj , β = ǫk − ǫl ∈ Φ
+
1 with α ≺ β
fαfβ = −qfβfα for (i = k, j < l) or (i < k, j = l),
fαfβ = −fβfα, for i > k, j < l,
fαfβ = −fβfα + (q − q
−1)fγfδ, for i < k, j < l,
f2α = 0,
(2.7)
where γ = ǫi − ǫl and δ = ǫk − ǫj.
Lemma 2.2. BK = { fS |S ⊂ Φ
+
1 } is a Q(q)-basis of K, and
U− ∼= K ⊗ U−m,n
as a Q(q)-vector space.
Proof. Given u ∈ U−, we have u = u1u2 for some u1 ∈ K and u2 ∈ U
−
m,n by (2.4)
and (2.5). Hence B = {u1u2 |u1 ∈ BK , u2 ∈ B
− ∩U−m,n} spans U
− since BK spans
K by (2.7) and B− ∩ U−m,n is a basis of U
−
m,n by Proposition 2.1. Considering the
dimension of U−α for each α ∈ Q
−, we see that B is linearly independent, and hence
a Q(q)-basis of U−. In particular, BK is a Q(q)-basis of K. 
Let us define another linear orderings on Φ+1 by
α ≺′ β ⇐⇒ (a > c) or (a = c, b > d),
α ≺′′ β ⇐⇒ (a > c) or (a = c, b < d),
for α, β ∈ Φ+1 with α = ǫa − ǫb and β = ǫc − ǫd. Then as in (2.6), we may define f
′
S,
f ′′S (S ⊂ Φ
+
1 ) and B
′
K , B
′′
K under ≺
′, ≺′′, respectively. Suppose that fS ∈ U
−
α with
(2.8) α = −
m∑
i=1
aiǫi +
n∑
j=1
bjǫj
for some ai and bj ∈ Z≥0. By the first two relations in (2.7), we have
(2.9) fS = ±f
′′
S = ±(−q)
∑
i ai(ai−1)/2f ′S .
In particular, B′K and B
′′
K are Q(q)-bases of K. Note that
(2.10) (α|α) =
∑
i
a2i −
∑
j
b2j =
∑
i
ai(ai + 1)−
∑
j
bj(bj + 1).
Remark 2.3. Note thatK is a q-deformed exterior algebra generated by (Q(q)m)∗⊗
Q(q)n. This can be explained as follows. For α = ǫi− ǫj ∈ Φ
+
1 , let k(α) = i+m(j−
1) ∈ N. We have a bijection from the set of non-empty S ⊂ Φ+1 to the set of non-
empty subsets in { 1, . . . ,mn }, by sending S = {β1, . . . , βr } to { k(β1), . . . , k(βr) }.
9Consider the q-deformed wedge space Λ =
⊕
r≥1 Λ
r in [18, Section 3.3] (here we
replace n and l in [18] by m and n, respectively). Define a map
κ : K −→ Λ
by κ(fS) = (−1)
∑
bj(bj+1)/2uk(β1)∧ · · · ∧uk(βr) for S = {β1, . . . , βr } ⊂ Φ
+
1 with bj as
in (2.8). By comparing (2.7) and [18, Proposition 3.16] (see also [18, Remark 3.17
(ii)]), we see that κ is an injective Q(q)-algebra homomorphism.
2.5. Kac modules. Let L be the subalgebra of U generated by Um,n and e0. For
λ ∈ P+, we extend Vm,n(λ) to an L-module in an obvious way, and define
K(λ) = U ⊗L Vm,n(λ).
to be the induced U -module. Since L ∼= U−m,n ⊗ U
0 ⊗ U+ as a Q(q)-vector space,
(2.11) K(λ) ∼= K ⊗ Vm,n(λ),
as a Q(q)-vector space by (2.2) and Lemma 2.2. Note that K(λ) =
⊕
µ≤λK(λ)µ
with dimK(λ)λ = 1, and K(λ) = U
−1λ, where K(λ)λ = Q(q)1λ. Hence K(λ) is
a finite dimensional highest weight module with highest weight λ. We call K(λ) a
(q-deformed) Kac module with highest weight λ. We define V (λ) to be the maximal
irreducible quotient of K(λ), and denote the image of 1λ by vλ.
2.6. Classical limits and typicality of Kac modules. Let us consider classical
limit of U -modules. We leave the detailed verification to the reader since the argu-
ment below are almost identical to the case of symmetrizable Kac-Moody algebras
(see [6, 15]).
Let A = Q[q, q−1]. Let M be a highest weight U -module generated by a highest
weight vector u of weight λ ∈ P . We define
MA =
∑
r≥0, i1,...,ir∈I
Afi1 . . . firu, Mµ,A =
∑
r≥0, i1,...,ir∈I
λ−αi1−···−αir=µ
Afi1 . . . firu.
Then MA =
⊕
µMµ,A, and rankAMµ,A = dimQ(q)Mµ since A is a principal ideal
domain and Mµ,A is a torsion free (hence free) A-module. It is easy to check that
the A-module MA is invariant under ek, fk, q
h and q
h−q−h
q−q−1
for k ∈ I and h ∈ P∨.
Let ϕ : A −→ C be a Q-algebra homomorphism given by φ(f(x)) = f(1). Set
M =MA ⊗A C, Mµ =Mµ,A ⊗A C.
Here C is understood to be an A-module via ϕ. We have M =
⊕
µMµ with
dimCMµ = rankAMµ,A. Let ek, fk and h be the C-linear endomorphisms on M
induced from ek, fk and
qh−q−h
q−q−1
for k ∈ I and h ∈ P∨. Let UM be the subalgebra
of EndC(M ) generated by ek, fk and h for k ∈ I and h ∈ P
∨. Then there exists a
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C-algebra homomorphism from U(gl(m|n)) to UM sending Ek, Fk and h to ek, fk
and h, where U(gl(m|n)) is the enveloping algebra of gl(m|n), and Ek, Fk denote
the root vectors in gl(m|n) corresponding to αk, −αk, respectively. Hence, M is a
U(gl(m|n))-module.
We see that K(λ) is a Kac module over gl(m|n) when M = K(λ) for λ ∈ P+ by
comparing the dimensions of weight spaces of K(λ) and K(λ). For λ ∈ P+, λ is
called typical if 〈α, λ+ ρ〉 6= 0 for all α ∈ Φ+1 , where ρ is the Weyl vector of gl(m|n)
given by ρ = 12
∑
α∈Φ+0
α− 12
∑
β∈Φ+1
β. It is shown by Kac [9, Proposition 2.9] that
K(λ) is irreducible when λ is typical.
Proposition 2.4. For typical λ ∈ P+, K(λ) is irreducible.
Proof. Suppose thatK(λ) is not irreducible. LetM be a proper submodule ofK(λ).
We may assume that M is a highest weight module. From the above argument, it
follows that M is a proper submodule of K(λ), which is a contradiction since λ is
typical. Hence K(λ) is irreducible. 
3. Review on crystal base theory
3.1. Crystal bases for Uq(glm)-modules. Let us briefly recall the notion of crystal
bases for integrable Uq(glm)-modules (we refer the reader to [11] for more details in
a general setting). Here we assume that Uq(glm) = Um|0.
LetM be an integrable Uq(glm)-module with weight decompositionM =
⊕
λ∈P Mλ
and dimMλ <∞. For u ∈Mλ and k ∈ Im|0, we have
u =
∑
r≥0,−〈hk,λ〉
f
(r)
k ur,
where ekur = 0 for all r ≥ 0. Here,
[r]k =
qrk − q
−r
k
qk − q
−1
k
, [r]k! =
r∏
s=1
[s]k, f
(r)
k =
1
[r]k!
f rk .
Then the Kashiwara operators are defined by
(3.1) e˜ku =
∑
r≥1
f
(r−1)
k ur, f˜ku =
∑
r≥0
f
(r+1)
k ur.
Let A denote the subring of Q(q) consisting of all rational functions which are
regular at q = 0. A pair (L,B) is called a lower crystal base of M if
(1) L is an A-lattice of M , where L =
⊕
λ∈P Lλ with Lλ = L ∩Mλ,
(2) e˜kL ⊂ L and f˜kL ⊂ L for k ∈ Im|0,
(3) B is a Q-basis of L/qL, where B =
⊔
λ∈P Bλ with Bλ = B ∩ (L/qL)λ,
(4) e˜kB ⊂ B ⊔ {0}, f˜kB ⊂ B ⊔ {0} for k ∈ Im|0,
(5) for b, b′ ∈ B and k ∈ Im|0, f˜kb = b
′ if and only if b = e˜kb
′.
11
For b ∈ B and k ∈ Im|0, we set
(3.2) εk(b) = max{ r ∈ Z≥0 | e˜
r
kb 6= 0 }, ϕk(b) = max{ r ∈ Z≥0 | f˜
r
kb 6= 0 }.
Let k = Q(q
1
2 ) and let ψM : k⊗Q(q)M −→ k⊗Q(q)M be a Q(q)-linear isomorphism
given by ψM (u) = q
− (λ|λ)
2 u for u ∈Mλ. For k ∈ Im|0, we define e˜
up
k , f˜
up
k : M −→M
by
e˜upk = ψM ◦ e˜k ◦ ψ
−1
M , f˜
up
k = ψM ◦ f˜k ◦ ψ
−1
M .
Note that e˜upk and f˜
up
k are well-defined Q(q)-linear operators onM even when (λ|λ) 6∈
2Z for some weight λ of M . Then a pair (L,B) is called a upper crystal base of M
if it satisfies the above conditions (1)–(5) with respect to e˜upk and f˜
up
k .
Remark 3.1. If ψM (M) = M and (L,B) is a lower crystal base of M , then
(ψM (L), ψM (B)) is a upper crystal base of M . Also, if M is an integrable high-
est weight module with highest weight λ with a lower crystal base (L,B), then
q
(λ|λ)
2 ψM (M) =M and (q
(λ|λ)
2 ψM (L), q
(λ|λ)
2 ψM (B)) is a upper crystal base of M .
Let Mi (i = 1, 2) be integrable Uq(glm)-modules with lower crystal bases (Li, Bi).
Then (L1 ⊗ L2, B1 ⊗ B2) is a lower crystal base of M1 ⊗M2. The operators e˜k, f˜k
act on B1 ⊗B2;
e˜k(b1 ⊗ b2) =
e˜kb1 ⊗ b2, if ϕk(b1) ≥ εk(b2),b1 ⊗ e˜kb2, if ϕk(b1) < εk(b2),
f˜k(b1 ⊗ b2) =
f˜kb1 ⊗ b2, if ϕk(b1) > εk(b2),b1 ⊗ f˜kb2, if ϕk(b1) ≤ εk(b2).
(3.3)
On the other hand, let (Lupi , B
up
i ) be upper crystal bases ofMi (i = 1, 2), respectively.
Denote by M1⊗+M2 be a tensor product with a Uq(glm)-module structure induced
from the comultiplication
∆+(q
h) = qh ⊗ qh,
∆+(ek) = ek ⊗ 1 + tk ⊗ ek,
∆+(fk) = fk ⊗ t
−1
k + 1⊗ fk,
(3.4)
for h ∈ P∨ and k ∈ Im|0. Then (L
up
1 ⊗ L
up
2 , B
up
1 ⊗ B
up
2 ) is a upper crystal base of
M1 ⊗+ M2. The operators e˜
up
k , f˜
up
k act on B1 ⊗B2 in the same way as in (3.3).
3.2. Crystal bases of U-modules in Oint. Let Oint be the category of U -modules
M satisfying the following conditions:
(1) M =
⊕
λ∈P Mλ with dimMλ <∞,
(2) M is an integrable Um,n-module,
(3) if Mλ 6= 0, then 〈h0, λ〉 ≥ 0,
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(4) if 〈h0, λ〉 = 0, then e0Mλ = f0Mλ = 0.
Let us review the notion of crystal bases for U -modules in Oint [1]. Let M =⊕
λ∈P Mλ ∈ Oint and let u ∈ Mλ be given. For k ∈ Im|0, we define e˜ku and f˜ku to
be as in (3.1) with u as an element of a Um|0-module. For k ∈ I0|n, we define e˜ku
and f˜ku to be e˜
up
k u and f˜
up
k u with u as an element of an U0|n-module (see Section
3.1). For k = 0, we define
(3.5) e˜0u = q
−1t0e0u, and f˜0u = f0u.
Then a pair (L,B) is called a crystal base of M if
(1) L is an A-lattice of M , where L =
⊕
λ∈P Lλ with Lλ = L ∩Mλ,
(2) e˜kL ⊂ L and f˜kL ⊂ L for k ∈ I,
(3) B is a pseudo-basis of L/qL (i.e. B = B•∪(−B•) for a Q-basis B• of L/qL),
(4) B =
⊔
λ∈P Bλ with Bλ = B ∩ (L/qL)λ,
(5) e˜kB ⊂ B ⊔ {0}, f˜kB ⊂ B ⊔ {0} for k ∈ I,
(6) for b, b′ ∈ B and k ∈ I, f˜kb = b
′ if and only if b = e˜kb
′.
The set B/{±1} has an I-colored oriented graph structure, where b
k
→ b′ if and only
if f˜kb = b
′ for k ∈ I and b, b′ ∈ B/{±1}. We call B/{±1} the crystal of M .
For b ∈ B and k ∈ I, let εk(b) and ϕk(b) be as in (3.2). Let us recall the
tensor product rule for the crystal bases of U -modules in Oint (see [1, Proposition
2.8]). Let Mi ( i = 1, 2 ) be a U -module in Oint with a crystal base (Li, Bi). Then
(L1 ⊗ L2, B1 ⊗ B2) is a crystal base of M1 ⊗M2. For k ∈ Im|0, e˜k and f˜k act on
B1⊗B2 as in (3.3). Note that ∆(ek) = ek ⊗ tk +1⊗ ek and ∆(fk) = fk⊗ 1+ t
−1
k ⊗ fk
for k ∈ I0|n, and they coincide with ∆+(ek) and ∆+(fk) (see (3.4)) if we exchange
the order of the tensor product. Hence, for k ∈ I0|n, the formulas for e˜k and f˜k on
B1⊗B2 are given by exchanging the positions of tensor factors in (3.3) since (Li, Bi)
are upper crystal bases of Mi as U0|n-modules, that is,
e˜k(b1 ⊗ b2) =
b1 ⊗ e˜kb2, if ϕk(b2) ≥ εk(b1),e˜kb1 ⊗ b2, if ϕk(b2) < εk(b1),
f˜k(b1 ⊗ b2) =
b1 ⊗ f˜kb2, if ϕk(b2) > εk(b1),f˜kb1 ⊗ b2, if ϕk(b2) ≤ εk(b1).
(3.6)
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For k = 0, we have
e˜0(b1 ⊗ b2) =
e˜0b1 ⊗ b2, if 〈h0,wt(b1)〉 > 0,±b1 ⊗ e˜0b2, if 〈h0,wt(b1)〉 = 0,
f˜0(b1 ⊗ b2) =
f˜0b1 ⊗ b2, if 〈h0,wt(b1)〉 > 0,±b1 ⊗ f˜0b2, if 〈h0,wt(b1)〉 = 0.
(3.7)
Here, wt denotes the weight function and the ± sign depends on the parity of
wt(b1).
3.3. Semistandard tableaux. Let us recall some basic background on tableaux
(see [2, 5]), which will be used in later sections.
Let P be the set of partitions. A partition λ = (λi)i≥1 is identified with a Young
diagram. We denote by λ′ = (λ′i)i≥1 its conjugate.
Let A be a linearly ordered set with a Z2-grading A = A0 ⊔ A1. For a skew
Young diagram λ/µ, a tableau T obtained by filling λ/µ with entries in A is called
A-semistandard if (1) the entries in each row (resp. column) are weakly increasing
from left to right (resp. from top to bottom), (2) the entries in A0 (resp. A1) are
strictly increasing in each column (resp. row). We say that λ/µ is the shape of T ,
and write sh(T ) = λ/µ. We denote by SSTA(λ/µ) the set of all A-semistandard
tableaux of shape λ/µ.
Let λ ∈ P be given. For T ∈ SSTA(λ) and a ∈ A, we denote by a→ T the tableau
obtained from T by applying the usual Schensted column insertion (see [5] and [2]
for its super analogue). We also need the following variation of the Schensted’s
column insertion. Let λπ be the skew Young diagram obtained by 180◦-rotation of
λ (sometimes called of anti-normal shape). For T ∈ SSTA(λ
π) and a ∈ A, we define
T ← a to be the tableau of an anti-normal shape obtained from T by applying the
following procedure;
(1) If |a| = 0, then let a′ be the largest entry in the right-most column which is
smaller than or equal to a. If |a| = 1, then let a′ be the largest entry, which
is smaller than a.
(2) replace a′ by a. If there is no such a′, put a at the top of the column and
stop the procedure,
(3) repeat (1) and (2) on the next column with a′.
For a finite word w = w1 . . . wr with letters in A, we define (w → T ) = (wn →
(· · · (w1 → T ))) and (T ← w) = (· · · ((T ← wr)← wr−1 ) · · · )← w1.
3.4. Crystal bases of polynomial representations. Let us review the results
on the crystal bases of irreducible polynomial representations of U [1]. Let V =
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b∈[m|n]Q(q)vb be the natural representation of U . Then V has a crystal base
(L ,B) where L =
⊕
b∈[m|n]Avb and B = {±vb | b ∈ [m|n] }. For simplicity, we
identify B/{±1} with [m|n] as a set, and the crystal of V is given by
m
m−1
−→ m− 1
m−2
−→ · · ·
1
−→ 1
0
−→ 1
1
−→ · · ·
n−2
−→ n− 1
n−1
−→ n.
For r ≥ 1, (L ⊗r,B⊗r) is a crystal base of V ⊗r. Let W be the set of all finite words
with the letters in [m|n]. The empty word is denoted by ∅. Then W is a crystal of
the tensor algebra since we may identify each non-empty word w = w1 · · ·wr with
w1 ⊗ · · · ⊗ wr ∈ B
⊗r/{±1}, where {∅} forms a trivial crystal of weight 0.
Let
P˜+ =
λ = ∑
a∈[m|n]
λaǫa ∈ P
∣∣∣∣∣ λm ≥ . . . ≥ λ1 ≥ λ′1 ≥ λ′2 ≥ . . .
 .
For r ≥ 1, V ⊗r is completely reducible and each irreducible U -module in V ⊗r,
which we call an irreducible polynomial representation, is isomorphic to V (λ) for
some λ ∈ P˜+ with
∑
a∈[m|n] λa = r.
Let Pm|n = {µ = (µi)i≥1 ∈ P |µm+1 ≤ n } which is called the set of (m|n)-hook
partitions. Then the map sending µ = (µi)i≥1 to µ1ǫm+ · · ·+µ1ǫ1+ν
′
1ǫ1+ · · ·+ν
′
nǫn
is a bijection from Pm|n to P˜
+, where ν = (νi)i≥1 is given by νi = µm+i.
Now, let λ◦ be the Young diagram (or partition) corresponding to λ ∈ P˜+. For
T ∈ SSTB(λ
◦), let T (i, j) denote the entry of T located in the i-th row from the
top and the j-th column from the left. Then we choose an embedding
(3.8) ψ : SSTB(λ
◦)→ W
by reading the entries of T in SSTB(λ
◦) in such a way that T (i, j) should be read
before T (i + 1, j) and T (i, j − 1) for each i, j. The image of SSTB(λ
◦) under ψ
together with 0 is stable under e˜k, f˜k (k ∈ I) and the induced I-colored oriented
graph structure does not depend on the choice of ψ [1, Theorem 4.4]. Moreover,
SSTB(λ
◦) is connected with a unique highest weight element [1, Theorem 4.8].
Theorem 3.2. ([1, Theorem 5.1]) For λ ∈ P˜+, V (λ) has a unique crystal base
(L (λ),B(λ)) such that L (λ)λ = Avλ, and B(λ)/{±1} ∼= SSTB(λ
◦), that is, there
is a weight preserving isomorphism of I-colored oriented graphs.
4. Crystal bases of Kac modules
4.1. Crystal base of K(λ) as a Um,n-module. Let us consider the Um,n-action
on K(λ) (λ ∈ P+). For simplicity, let us write u · v = ad(u)(v) for u, v ∈ U (see
(2.3)).
15
Let k ∈ I \ {0} be given. By (2.5), we have for α ∈ Φ+1
(4.1) ek · fα = fα−αk , fk · fα = fα+αk , tk · fα = q
−(α|αk)fα.
Here we assume that fα±αk = 0 when α±αk 6∈ Φ
+
1 . For S = {β1 ≺ · · · ≺ βr } ⊂ Φ
+
1
and v ∈ Vm,n(λ), we have
ek(fS ⊗ v) = (ekfβ1 · · · fβr)⊗L v
=
r∑
i=1
fβ1 · · · fβi−1(ek · fβi)(t
−1
k · fβi+1) · · · (t
−1
k · fβr)⊗L t
−1
k v
+ fβ1 · · · fβr ⊗L ekv,
fk(fS ⊗ v) = (fkfβ1 · · · fβr)⊗L v
=
r∑
i=1
(tk · fβ1) · · · (tk · fβi−1)(fk · fβi)fβi+1 · · · fβr ⊗L v0
+ (tk · fβ1) · · · (tk · fβr)⊗L fkv,
tk(fS ⊗ v) = (tkfβ1 · · · fβr)⊗L v = (tk · fβ1) · · · (tk · fβr)⊗L tkv.
(4.2)
Proposition 4.1. For λ ∈ P+, we have as a Um,n-module
K(λ) ∼= K(0)⊗ Vm,n(λ).
Proof. By Lemma 2.2, { fS ⊗u0 | fS ∈ BK } is a Q(q)-basis of K(0), where u0 is the
highest weight vector in Vm,n(0). Define a map φ : K(λ) −→ K(0)⊗Q(q) Vm,n(λ) by
φ(fS ⊗L v) = (fS ⊗L u0)⊗Q(q) v for fS ∈ BK and v ∈ Vm,n(λ), which is a well defined
Q(q)-linear isomorphism by (2.11). Then φ is a Um,n-module homomorphism by
(4.2), and hence an isomorphism. 
Set
L (K) =
⊕
S⊂Φ+1
A fS10 ⊂ K(0),
B(K) =
{
fS10 mod qL (K)
∣∣ S ⊂ Φ+1 } .
Proposition 4.2. (L (K),B(K)) is a lower crystal base of K(0) as a Um|0-module.
Proof. For j = 1, . . . , n, put
Φ+1 [j] = { ǫi − ǫj | i = 1, . . . ,m },
K(0)[j] =
⊕
S⊂Φ+1 [j]
Q(q)fS10.
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By (4.1) and (4.2), it is straightforward to check that as a Um|0-module
K(0)[j] ∼= Vm|0(0)⊕
m⊕
i=1
Vm|0(−ǫ1 − · · · − ǫi).
Since fS = fS[1] · · · fS[n] with S[j] = S ∩ Φ
+
1 [j] for S ⊂ Φ
+
1 , the map
(4.3) φm|0 : K(0) −→ K(0)[1] ⊗ · · · ⊗K(0)[n]
given by φm|0(fS10) = fS[1]10 ⊗ · · · ⊗ fS[n]10 is an isomorphism of Um|0-modules by
(4.2). Therefore, (L (K),B(K)) is a lower crystal base of K(0) as a Um|0-module
since (L (K)[j],B(K)[j]) is a lower crystal base of K(0)[j] and φm|0(L (K)) =
L (K)[1] ⊗ · · · ⊗L (K)[n], where
L (K)[j] =
⊕
S⊂Φ+1 [j]
A fS10,
B(K)[j] =
{
fS10 mod qL (K)[j]
∣∣ S ⊂ Φ+1 [j]} .

Next, we set
L (K)′ =
⊕
S⊂Φ+1
A qω(S)f ′S10 ⊂ K(0),
B(K)′ =
{
qω(S)f ′S10 mod qL (K)
′
∣∣∣ S ⊂ Φ+1 } .
where ω(S) =
∑m
i=1 ai(ai−1)/2 for S ⊂ Φ
+
1 with
∑
β∈S β = −
∑m
i=1 aiǫi+
∑n
j=1 bjǫj.
Proposition 4.3. (L (K)′,B(K)′) is a upper crystal base of K(0) as a U0|n-module.
Proof. For i = 1, . . . ,m, put
Φ+1
[
i
]
= { ǫi − ǫj | j = 1, . . . , n },
K(0)
[
i
]
=
⊕
S⊂Φ+1 [i]
Q(q)f ′S10 ⊂ K(0).
By (4.1) and (4.2),
K(0)
[
i
]
∼= V0|n(0) ⊕
m⊕
j=1
V0|n(ǫ1 + · · ·+ ǫj),
as a U0|n-module. Since K(0)
[
i
]
has a lower crystal base ⊕
S⊂Φ+1 [i]
A f ′S10,
{
f ′S10
∣∣ S ⊂ Φ+1 [i] }
 ,
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it has a upper crystal base
L (K)′
[
i
]
=
⊕
S⊂Φ+1 [i]
A q−
(βS |βS)
′
2 f ′S10
B(K)′
[
i
]
=
{
q−
(βS |βS)
′
2 f ′S10 mod qL (K)
′
[
i
] ∣∣ S ⊂ Φ+1 [i]} ,
where βS =
∑
β∈S β. Note that for S ⊂ Φ
+
1
[
i
]
, we have −(βS |βS)
′/2 = (βS |βS)/2 =
ai(ai − 1)/2, where ai = (ǫi|βS).
The map
(4.4) φ0|n : K(0) −→ K(0)[1]⊗ · · · ⊗K(0)[m]
given by φm|0(f
′
S10) = f
′
S[1]
10 ⊗ · · · ⊗ f
′
S[m]10 is an isomorphism of U0|n-modules
by (4.2) and the fact that f ′S = f
′
S[1]
· · · f ′S[n] with S
[
i
]
= S ∩ Φ+1
[
i
]
for S ⊂ Φ+1 .
Moreover, we have φ0|n(L (K)
′) = L (K)′[1] ⊗+ · · · ⊗+ L (K)
′[m] since ω(S) =
ω(S[1])+ · · ·+ω(S[m]). Therefore, (L (K)′,B(K)′) is a upper crystal base of K(0)
(see (1.4.7) in [11]). Here we used ⊗+ to emphasize that the comultiplication is ∆+
(3.4) with respect to ek, fk and tk (k ∈ I0|n), where the order of tensor factors are
reversed. 
Proposition 4.4. We have L (K) = L (K)′ and B(K)/{±1} = B(K)′/{±1}.
Proof. It follows directly from (2.9). 
4.2. Crystal base of K(λ). Let us define the notion of a crystal base of a Kac
module K(λ). The definition of a crystal base in [1] is not available for K(λ) since it
does not belong to Oint in general. So we give a different definition, which is based
on [11, Section 3].
Let e′0 be a Q(q)-linear operator on U
− characterized by
(1) e′0(fk) = δ0k for k ∈ I,
(2) e′0(uv) = e
′
0(u)v + (−1)
|α|q(α0|α)ue′0(v) for u ∈ U
−
α , v ∈ U
−.
It is straightforward to check that e′0 is well-defined on U
−. We have another Q(q)-
linear operator on U− given by
(1) e′′0(fk) = δ0k for k ∈ I,
(2) e′′0(uv) = e
′′
0(u)v + (−1)
|α|q−(α0|α)ue′′0(v) for u ∈ U
−
α , v ∈ U
−.
These two operators satisfy the following
e0P − (−1)
|α|Pe0 =
t0e
′′
0(P )− t
−1
0 e
′
0(P )
q − q−1
for P ∈ U−α (see [11, Section 3.3]).
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Lemma 4.5. We have
U− = Ker e′0 ⊕ Im f0.
Here we understand f0 as a linear operator acting on U
− by the left multiplication.
Proof. It is easy to see that e′0(fα) = 0 for α ∈ Φ
+
0 . Suppose that α ∈ Φ
+
1 . If
α = α0+αk, then fα = ad(fk)(f0) = fkf0− q
−(αk|α0)f0fk and e
′
0(fα) = q
−(αk |α0)fk−
q−(αk |α0)fk = 0. If α = β + αk for some β ∈ Φ
+
1 and k 6= 0, then fα = ad(fk)(fβ) =
fkfβ − q
−(αk |β)fβfk and we have e
′
0(fα) = 0 by induction on the height of α. Hence,
we have for α ∈ Φ+
(4.5) e′0(fα) =
1, if α = α0,0, otherwise.
Let W1 be the Q(q)-span of B1 = { fSu0 |S ⊂ Φ
+
1 (α0 6∈ S), u0 ∈ Um,n } and
let W2 be the Q(q)-span of B2 = { fSu0 |S ⊂ Φ
+
1 (α0 ∈ S), u0 ∈ Um,n }. Then
U− =W1⊕W2. Since W1 ⊂ Ker e
′
0, W2 ⊂ Im f0 by (4.5), and Ker e
′
0 ∩ Im f0 = {0},
we have W1 = Ker e
′
0 and W2 = Im f0. 
For λ ∈ P+, we may identify K(λ) with U−/Iλ, where Iλ is a left U−-ideal
generated by f
〈hk,λ〉+1
k (k ∈ I \ {0}). Since e
′
0(Iλ) = 0, it induces a Q(q)-linear map
on K(λ), which we still denote by e′0. For u ∈ K(λ), we define
(4.6) e˜0u = e
′
0(u), f˜0u = f0u.
Definition 4.6. For λ ∈ P+, a pair (L,B) is a crystal base of K(λ) if
(1) L is an A-lattice of M , where L =
⊕
µ∈P Lµ with Lµ = L ∩K(λ)µ,
(2) e˜kL ⊂ L and f˜kL ⊂ L for k ∈ I,
(3) B is a pseudo-basis of L/qL, where B =
⊔
µ∈P Bµ with Bµ = B ∩ (L/qL)µ,
(4) e˜kB ⊂ B ⊔ {0}, f˜kB ⊂ B ⊔ {0} for k ∈ I,
(5) for any b, b′ ∈ B and k ∈ I, we have f˜kb = b
′ if and only if b = e˜kb
′.
Let us call the I-colored oriented graph B/{±1} a crystal of K(λ).
4.3. Main results. Now, let us state our main results in this paper. Let λ ∈ P+
be given. Let (L λ+ ,Bλ+) be a lower crystal base of Vm|0(λ+), and (L
λ− ,Bλ−) is
a upper crystal base of V0|n(λ−). Set
L (K(λ)) =
⊕
S⊂Φ+1
AfS ⊗L
λ+ ⊗L λ− ⊂ K(λ),
B(K(λ)) =
{
± fS ⊗ b+ ⊗ b−
∣∣∣ S ⊂ Φ+1 , b± ∈ Bλ± } ⊂ L (K(λ))/qL (K(λ)),
where we assume that 1λ ∈ L (K(λ))λ.
Theorem 4.7 (Existence). (L (K(λ)),B(K(λ))) is a crystal base of K(λ).
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Proof. By (4.5), we have for S ⊂ Φ+1
e′0(fS) =
fS\{α0}, if α0 ∈ S,0, if α0 6∈ S, f0(fS) =
fS∪{α0}, if α0 6∈ S,0, if α0 ∈ S.(4.7)
This implies that L (K(λ)) and B(K(λ)) ⊔ {0} are invariant under e˜0 and f˜0, and
f˜0b = b
′ if and only if b = e˜0b
′ for b, b′ ∈ B(K(λ)). The other conditions in Definition
4.6 follow from Propositions 4.2, 4.3 and 4.4. Hence (L (K(λ)),B(K(λ))) is a crystal
base of K(λ). 
Moreover, we have the following results.
Theorem 4.8 (Connectedness). The crystal B(K(λ))/{±1} is connected.
Corollary 4.9. We have
L (K(λ)) =
∑
r≥0,k1,...,kr∈I
Ax˜k1 · · · x˜kr1λ,
B(K(λ)) = {± x˜k1 · · · x˜kr1λ mod qL (K(λ)) | r ≥ 0, k1, . . . , kr ∈ I } \ {0},
where x = e or f for each ki.
Theorem 4.10 (Uniqueness). A crystal base of K(λ) is unique up to a scalar
multiplication.
Theorem 4.11 (Compatibility). Let λ ∈ P˜+ be given. Let πλ : K(λ) −→ V (λ)
be the U -module homomorphism such that πλ(1λ) = vλ. Then
(1) πλ(L (K(λ))) = L (λ),
(2) πλ(B(K(λ))) = B(λ)∪{0}, where πλ : L (K(λ))/qL (K(λ))→ L (λ)/qL (λ)
is the induced Q-linear map,
(3) πλ restricts to a weight preserving bijection
πλ : { b ∈ B(K(λ)) |πλ(b) 6= 0 }/{±1} −→ B(λ)/{±1},
which commutes with e˜k and f˜k for k ∈ I.
The proof of Theorem 4.8 is given in Section 5.2 after a combinatorial description
of B(K(λ))/{±1} in Section 5.1. As in the case of an irreducible polynomial rep-
resentation, B(K(λ))/{±1} may have a fake highest weight element, that is, there
exists b such that wt(b) 6= λ but e˜kb = 0 for all k ∈ I. Theorem 4.10 follows from
Theorem 4.8 and [1, Lemma 2,7 (iii) and (iv)]. The proof of Theorem 4.11 is given
in Section 6.
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5. Combinatorics of crystals of Kac modules
5.1. Description of crystal operators on B(K(λ))/{±1}. Fix λ ∈ P+. The
map sending (fS ⊗ b+ ⊗ b−) to (−S, b+, b−) gives a bijection
B(K(λ))/{±1} −→ P(Φ−1 )×B
λ+ ×Bλ−
as a set, where P(Φ−1 ) is the power set of Φ
−
1 = −Φ
+
1 , and −S = {−β |β ∈ S} for
S ⊂ Φ+1 .
Note that P(Φ−1 ) can be identified with B(K(0))/{±1} and its structure can be
described as follows. Let S ∈ P(Φ−1 ) be given with S = {β1 ≺ . . . ≺ βr } = {β
′
1 ≺
′
. . . ≺′ β′r }. Here, we assume that for α, β ∈ Φ
−
1 , α ≺ β (resp. α ≺
′ β) if and only if
−α ≺ −β (resp. −α ≺′ −β). For k = 0, we have by (4.7)
e˜0(S) =
S \ {−α0}, if −α0 ∈ S,0, if −α0 6∈ S, f˜0(S) =
S ∪ {−α0}, if −α0 6∈ S,0, if −α0 ∈ S.
Suppose that k 6= 0. By (4.1), we have for i = 1, . . . , r
e˜k(βi) =
βi + αk, if βi + αk ∈ Φ−1 ,0, otherwise, f˜k(βi) =
βi − αk, if βi − αk ∈ Φ−1 ,0, otherwise.
Then by (4.3) and (4.4), we have
x˜kS =
{ γ1, . . . , γr }, if k ∈ Im|0 and x˜k(β1 ⊗ · · · ⊗ βr) = γ1 ⊗ · · · ⊗ γr,{ γ′1, . . . , γ′r }, if k ∈ I0|n and x˜k(β′1 ⊗ · · · ⊗ β′r) = γ′1 ⊗ · · · ⊗ γ′r,
(x = e, f) following (3.3) and (3.6). Here we assume that x˜kS = 0 if x˜k(β1 ⊗ · · · ⊗
βr) = 0 or x˜k(β
′
1 ⊗ · · · ⊗ β
′
r) = 0.
By Theorem 4.7, we have the following.
Proposition 5.1. For (S, b+, b−) ∈ B(K(λ))/{±1} and k ∈ I,
x˜k(S, b+, b−) =

(S′, b′+, b−), if k ∈ Im|0 and x˜k(S ⊗ b+) = S
′ ⊗ b′+,
(S′′, b+, b
′′
−), if k ∈ I0|n and x˜k(S ⊗ b−) = S
′′ ⊗ b′′−,
(x˜0S, b+, b−), if k = 0,
where x = e, f , and x˜k(S, b+, b−) = 0 if any of its components is 0.
Let B+ = {m < . . . < 1 } and B− = { 1 < . . . < n }, which are the subsets of
even and odd elements in B, respectively. Suppose that λ ∈ P+ is given, where
µ = (λm, . . . , λ1) and ν = (λ1, . . . , λn) are partitions. By Theorem 3.2, we may
identify Bλ+ with an Im|0-colored subgraph SSTB+(µ) of SSTB(µ) and B
λ− with
an I0|n-colored subgraph SSTB−(ν
′) of SSTB(ν
′).
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Example 5.2. Suppose that (m|n) = (3|3) and λ = 4ǫ3 + 3ǫ2 + 2ǫ1 + 3ǫ1 + ǫ2 ∈
P+. Then we may identify Bλ+ with SSTB+(4, 3, 2) and B
λ− with SSTB−(2, 1, 1).
Consider the following triple (S,U, V ) ∈ P(Φ−1 )×B
λ+ ×Bλ− , where
(S,U, V ) =
(
{−ǫ2 + ǫ1,−ǫ2 + ǫ2,−ǫ1 + ǫ3 } ,
3 3 3 2
2 2 1
1 1
,
1 3
2
2
)
.
It is clear that e˜0(S,U, V ) = 0 and f˜(S,U, V ) = (S ∪ {−α0}, U, V ).
Let us compute f˜2(S,U, V ). Since S = {−ǫ2 + ǫ1 ≺ −ǫ2 + ǫ2 ≺ −ǫ1 + ǫ3} and
ϕ2(S) = 2 > ε2(U) = 1, we have f˜2(S ⊗ U) =
(
f˜2S
)
⊗ U and hence
f˜2(S,U, V ) =
(
{−ǫ3 + ǫ1,−ǫ2 + ǫ2,−ǫ1 + ǫ3 } ,
3 3 3 2
2 2 1
1 1
,
1 3
2
2
)
.
Next, let us compute f˜2(S,U, V ). In this case, S = {−ǫ1 + ǫ3 ≺
′ −ǫ2 + ǫ2 ≺
′
−ǫ2 + ǫ1} and ϕ2(V ) = 1 > ε2(S) = 0, which implies that f˜2(S ⊗ V ) = S ⊗
(
f˜2V
)
(see (3.6)). Therefore,
f˜2(S,U, V ) =
(
{−ǫ2 + ǫ1,−ǫ2 + ǫ2,−ǫ1 + ǫ3 } ,
3 3 3 2
2 2 1
1 1
,
1 3
2
3
)
.
Remark 5.3. One may identify P(Φ−1 ) with M = {A = (aij)1≤i≤m,1≤j≤n | aij =
0, 1 }. The map sending S to A is a bijection from P(Φ−1 ) to M, where aij = 1 if
and only if −ǫi + ǫj ∈ S.
5.2. Connectedness of B(K(λ))/{±1}. Let B∨+ = { 1
∨
, . . . ,m∨ } be the crystal
associated to the dual of the natural representation of Um|0. We assume that B
∨
+
has a linear ordering 1
∨
< · · · < m∨. For a skew Young diagram µ/ν, we may define
e˜k and f˜k (k ∈ Im|0) on SSTB∨+(µ/ν) in the same way as in the case of SSTB+(µ/ν)
(cf.[12]).
Let λ ∈ P+ be given. We assume that λm < 0 and λn > 0, and put
µ = (ℓ+ λm, . . . , ℓ+ λ1), ν = (λ1, . . . , λn)
′.
where ℓ is a positive integer such that ℓ + λ1 > 0. We may identify B
λ+ with
SSTB∨+((ℓ
m)/µ), and Bλ− with SSTB−(ν) so that B(K(λ))/{±1} can be identified
with
P(Φ−1 )× SSTB∨+((ℓ
m)/µ) × SSTB−(ν).
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Suppose that S = {β1 ≺ · · · ≺ βr } ∈ P(Φ
−
1 ) is given with βk = −ǫik + ǫjk
for 1 ≤ k ≤ r. Let w(S) = i1
∨
. . . ir
∨
, which is a finite word with alphabets in
B∨+. For U ∈ SSTB∨+((ℓ
m)/µ), we define P (U ← S) = (U ← w(S)). Suppose
that shP (U ← S) = (ℓm)/η for some η ⊂ µ. For 1 ≤ k ≤ r, let us fill a box
in µ/η with jk if it is created when ik
∨
is inserted into ((S ← ir
∨
) · · · ) ← ik+1
∨
.
This defines the recording tableau Q(U ← S). One can check that Q(U ← S) ∈
SSTB+(µ/η) by modifying the proof of the dual RSK algorithm (cf.[5, 16]), and that
the correspondence from (S,U) to (P (U ← S), Q(U ← S)) is reversible. Hence the
map sending (S,U, V ) to (P (U ← S), Q(U ← S), V ) gives a bijection
ρλ : B(K(λ))/{±1} −→ Kλ,
where
Kλ =
⊔
η⊂µ
SSTB∨+((ℓ
m)/η)× SSTB−(µ/η)× SSTB−(ν).
Let us define e˜k and f˜k on Kλ for k ∈ I. The operators e˜k and f˜k (k ∈ I \ {0})
are clearly defined on Kλ (for k ∈ I0|n we use the tensor product rule (3.6) on the
second and third components). Let us define e˜0 and f˜0 on Kλ. Let (P,Q, V ) ∈ Kλ
be given. For k ≥ 1, let ak and bk be the top entries in the kth columns of P and Q
(enumerated from the right), and let
σk =

+ if ak > 1
∨
or the kth column is empty,
− if ak = 1
∨
and bk = 1,
· if otherwise.
Let k0 be the smallest such that σk0 6= · . If σk0 = +, then we define e˜0(P,Q, V ) = 0
and f˜0(P,Q, V ) = (P
′, Q′, V ), where (P ′, Q′) is the pair of tableaux obtained from
(P,Q) by adding 1
∨
and 1 on top of the k0th columns of P and Q, respectively.
If σk0 = −, then we define f˜0(P,Q, V ) = 0 and e˜0(P,Q, V ) = (P
′, Q′, V ), where
(P ′, Q′) is the pair of tableaux obtained from (P,Q) by removing 1
∨
and 1 in
the k0th columns of P and Q, respectively. If σk = · for all k, then we define
e˜0(P,Q, V ) = f˜0(P,Q, V ) = 0. Note that x˜0(P,Q, V ) ∈ Kλ if x˜0(P,Q, V ) 6= 0
(x = e, f).
Lemma 5.4. ρλ is a weight preserving bijection, which commutes with e˜k and f˜k
for k ∈ I.
Proof. By construction, ρλ is a weight preserving bijection. So it remains to show
that ρλ commutes with e˜k and f˜k for k ∈ I.
Let (S,U, V ) ∈ B(K(λ))/{±1} be given with ρλ(S,U, V ) = (P,Q, V ).
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Suppose that k 6= 0. Then we claim that
(5.1) x˜i1 · · · x˜ir(S ⊗ U) 6= 0 ⇐⇒ x˜i1 · · · x˜irP 6= 0,
for i1, . . . , ir ∈ Im|0 (r ≥ 1), and
(5.2) x˜i1 · · · x˜irS 6= 0 ⇐⇒ x˜i1 · · · x˜irQ 6= 0,
for i1, . . . , ir ∈ I0|n (r ≥ 1), where x = e, f for each ik. We consider a binary matrix
M = (mab) whose row indices are from B
∨
+ and column indices are from a linearly
ordered set B−∪C for some linearly ordered Z2-graded set C with |c| = 1 and k < c
for all k ∈ B− and c ∈ C. Let w(M) = (i1
∨
, j1) . . . (ir
∨
, jr) be a biword such that
(1) ip
∨
∈ B∨+ and jp ∈ B− ∪ C for p = 1, . . . , r,
(2) jp < jp+1 or (ip < ip+1 and jp = jp+1) for p = 1, . . . , r − 1,
(3) mab = 1 if and only if (a, b) = (ip
∨
, jp) for some p = 1, . . . , r.
Let P = (((∅ ← ir
∨
) ← ir−1
∨
) · · · ← i1
∨
) and Q = (((∅ ← jr) ← jr−1) · · · ← j1),
where ∅ is the empty tableau. By the dual RSK correspondence, we have P ∈
SSTB∨+(τ
π) and Q ∈ SSTB−∪C(τ
π) for some τ ∈ P. Suppose that
(1) mab = 1 if and only if −ǫa + ǫb ∈ S (see Remark 5.3),
(2) ((((∅ ← ir
∨
) ← ir−1
∨
) · · · ← is
∨
) = U , where jp ∈ C if and only if p =
s, . . . , r.
Then P = P and Q is obtained by ignoring the entries from C in the recording
tableau Q. Since the (dual) RSK correspondence is an isomorphism of bicrystals
[14] (see also Remark 5.3 and [13]), we have (5.1) and (5.2). Therefore, ρλ commutes
with e˜k and f˜k for k ∈ I \ {0}.
Suppose that k = 0. We assume that S = {β1 ≺ · · · ≺ βr } ∈ P(Φ
−
1 ) with
βk = −ǫik + ǫjk for 1 ≤ k ≤ r, and hence w(S) = i1
∨
. . . ir
∨
.
Suppose that e˜0(P,Q, V ) = (P
′, Q′, V ) 6= 0. Let k0 be such that σk = · for
k < k0 and σk0 = −. So we have 1
∨
and 1 in the k0th columns of P and Q,
respectively. Considering the bumping paths for each letter ik
∨
in U ← w(S), we
see that −α0 ∈ S (that is, β1 = −ǫ1 + ǫ1 or i1 = j1 = 1), and the insertion of 1
∨
into (· · · ((U ← ir
∨
) ← ir−1
∨
) · · · ← i2
∨
) creates the pairs 1
∨
and 1 in the k0th
columns. This implies that
P (U ← w(S \ {−α0})) = P
′, Q(U ← w(S \ {−α0})) = Q
′,
and
ρλ(e˜0(S,U, V )) = ρλ(S \ {−α0}, U, V ) = (P
′, Q′, V ) = e˜0(P,Q, V ).
Similarly, we can check that ρλ(f˜0(S,U, V )) = f˜0(P,Q, V ) if f˜0(P,Q, V ) 6= 0. There-
fore, ρλ commutes with e˜0 and f˜0. 
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Proof of Theorem 4.8. Let D(k) denote the one dimensional U -module with
weight kδ for k ∈ Z. Since K(λ)⊗D(k) ∼= K(λ+ kδ) for k ∈ Z, K(λ)⊗D(k) has a
crystal base, whose crystal can be identified with
P(Φ−1 )×B
λ++kδ+ ×Bλ−+kδ− .
Recall that there exist bijections
σk : Bλ+ −→ Bλ++kδ+, τk : Bλ− −→ Bλ−+kδ− ,(5.3)
which commute with e˜k and f˜k for k ∈ Im|0 and I0|n, respectively, with wt(σ
k(b+)) =
wt(b+) + kδ+ and wt(τ
k(b+)) = wt(b+) + kδ− for b± ∈ B
λ± (see [13, Section 5.3]
for more details). This impies that there exists a bijection
(5.4) ςk : B(K(λ))/{±1} −→ P(Φ−1 )×B
λ++kδ+ ×Bλ−+kδ− ,
which commutes with e˜k and f˜k (k ∈ I) and wt(ς
k(b)) = wt(b) + kδ.
Hence we may only consider the case when λm < 0 and λn > 0 (by taking k ≪ 0
in (5.4)). By Lemma 5.4, we may identify B(K(λ))/{±1} with Kλ.
Now, we can apply the same argument in [1, Theorem 4.8] to prove that the crystal
B(K(λ))/{±1} is connected (the only difference is that a subtableau obtained from
the first m rows of T ∈ B(λ)/{±1} = SSTB(λ
◦) in the proof of [1, Theorem 4.8] is
replaced with a pair of tableaux (P,Q) in the first two components of Kλ). 
5.3. Embedding of B(λ)/{±1} into B(K(λ))/{±1}. Let λ ∈ P˜+ be given. By
Theorem 4.11, there exists a unique injective map
(5.5) ξλ : B(λ)/{±1} −→ B(K(λ))/{±1}
such that for b ∈ B(λ)/{±1} and k ∈ I
(1) wt(ξλ(b)) = wt(b),
(2) ξλ(x˜kb) = x˜kξλ(b) if x˜kb 6= 0 (x = e, f).
The purpose of this subsection is to give an explicit description of ξλ.
Let λ◦ = (λ◦i )i≥1 be the partition in Pm|n corresponding to λ. We may identify
B(λ)/{±1} with SSTB(λ
◦) by Theorem 3.2. Let
µ = (λ◦1, . . . , λ
◦
m), ν = (λ
◦
m+1, λ
◦
m+2, . . .).
For T ∈ SSTB(λ
◦), let
· T≤m : the subtableau of shape µ consisting of the first m rows in T ,
· T+≤m : the subtableaux of T≤m with entries in B+,
· T−≤m : the subtableaux of T≤m with entries in B−,
· T>m : the complement of T≤m in T .
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Note that sh(T+≤m) = η and sh(T
−
≤m) = µ/η for some η = (η1, . . . , ηm) ∈ P, and
T>m ∈ SSTB−(ν) can be regarded as an element in B
λ− .
Let ℓ = λ◦1 = µ1. Consider
σ−ℓ : SSTB+(η) −→ SSTB∨+((ℓ
m)/η)
which commutes with e˜k and f˜k for k ∈ Im|0 (see (5.3)). Then the map sending T
to (σ−ℓ(T+≤m), T
−
≤m, T>m) gives an injective map
(5.6) ıλ : B(λ)/{±1} −→ Kλ−ℓδ+ .
It is straightforward to check that (1) wt(ıλ(b)) = wt(b)− ℓδ+, (2) ıλ(x˜kb) = x˜kıλ(b)
if x˜kb 6= 0 (x = e, f) for k ∈ I. Since we have bijections
(5.7) Kλ−ℓδ+
ρ−1
λ−ℓδ+
// B(K(λ− ℓδ+))/{±1}
id×σℓ×id
// B(K(λ))/{±1} ,
which commute with e˜k and f˜k for k ∈ I, by composing (5.6) and (5.7) we obtain a
required map (5.5).
Example 5.5. Suppose that (m|n) = (3|3). Let λ = 4ǫ3 + 3ǫ2 + 2ǫ1 + 2ǫ1. Then
λ◦ = (4, 3, 2, 1, 1) ∈ P3|3. Consider
T =
3 3 2 1
2 1 3
1 2
1
2
∈ SSTB(λ
◦).
Keeping the above notations, we have
T+≤3 =
3 3 2 1
2 1
, T−≤3 =
3
1 2
, T>3 = 1
2
.
Then
σ−4
(
T+≤3
)
= 1
∨
2
∨
1
∨
2
∨
3
∨
3
∨
and ıλ(T ) = (σ
−4
(
T+≤3
)
, T−≤3, T>3) ∈ Kλ−4δ+ . Applying ρ
−1
λ−4δ+
to this triple (see
the proof of Lemma 5.4), we get (S,U, T>3) ∈ B(K(λ− 4δ+))/{±1}, where
S = {−ǫ3 + ǫ1,−ǫ2 + ǫ2,−ǫ1 + ǫ3 } , U =
1
∨
2
∨
3
∨
.
Applying σ4 to U , we have
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ξλ(T ) =
(
{−ǫ3 + ǫ1,−ǫ2 + ǫ2,−ǫ1 + ǫ3 } ,
3 3 3 2
2 2 1
1 1
, 1
2
)
,
which belongs to B(K(λ))/{±1}.
6. Compatibility with crystals of polynomial representations
In this section, we give a proof of Theorem 4.11. We fix λ ∈ P˜+ throughout this
section.
6.1. Since K(λ) is completely reducible as a Um,n-module, we have
K(λ) =
⊕
i∈Xλ
K(λ;σi),
where Xλ is an index set and K(λ;σi) is an irreducible Um,n-submodule with highest
weight σi. Let X
′
λ ⊂ Xλ be such that Kerπλ =
⊕
i∈X′
λ
K(λ;σi), and put Yλ =
Xλ \X
′
λ. We have as a Um,n-module
V (λ) =
⊕
i∈Yλ
V (λ;σi),
where V (λ;σi) = πλ(K(λ;σi)) ∼= K(λ;σi) as a Um,n-module for i ∈ Yλ. For i ∈ Xλ,
put
L (K(λ;σi)) = L (K(λ)) ∩K(λ;σi),
B(K(λ;σi)) = B(K(λ)) ∩ (L (K(λ;σi))/qL (K(λ;σi))) .
By Propositions 4.2, 4.3 and 4.4, (L (K(λ;σi)),B(K(λ;σi))/{±1}) is a lower crystal
base of K(λ;σi) as a Um|0-module and a upper crystal base as a U0|n-module, and
L (K(λ)) =
⊕
i∈Xλ
L (K(λ;σi)), B(K(λ)) =
⊔
i∈Xλ
B(K(λ;σi)),
(see [11, Lemma 2.6.3]). Let
L (λ)′ = πλ(L (K(λ))), B(λ)
′ = πλ(B(K(λ))),
where πλ : L (K(λ))/qL (K(λ))→ L (λ)
′/qL (λ)′ is the induced Q-linear map. For
i ∈ Yλ, put
L (λ;σi)
′ = πλ(L (K(λ;σi))), B(λ;σi)
′ = πλ(B(K(λ;σi))).
Then (L (λ;σi)
′,B(λ;σi)
′/{±1}) is a s a lower crystal base of V (λ;σi) as a Um|0-
module and a upper crystal base as a U0|n-module, and
(6.1) L (λ)′ =
⊕
i∈Yλ
L (λ;σi)
′, B(λ)′ =
⊔
i∈Yλ
B(λ;σi)
′.
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6.2. For ℓ ∈ Z, let
θℓ : K(λ) −→ K(λ+ ℓδ+)
be a U−-linear map such that θℓ(1λ) = 1λ+ℓδ+ . It is well-defined and indeed an
isomorphism of U−-modules. If we identify Vm|0(λ+ + ℓδ+) with Vm|0(λ+) ⊗ D
ℓ,
where Dℓ is the one dimensional Um|0-module with highest weight vector vℓδ+ of
weight ℓδ+, then we have
θℓ(u⊗ v+ ⊗ v−) = u⊗ (v+ ⊗ vℓδ+)⊗ v−
for u ∈ K, v+ ∈ Vm|0(λ+) and v− ∈ V0|n(λ−). In particular, we have θℓ(L (K(λ))) =
L (K(λ+ ℓδ+)). Let
S(λ, ℓδ+) : V (λ)⊗ V (ℓδ+) −→ V (λ)
be a U−-linear map given by S(λ, ℓδ+)(v ⊗ vℓδ+) = v and S(λ, ℓδ+)(v ⊗ w) = 0 for
v ∈ V (λ) and w ∈ V (ℓδ+) \ V (ℓδ+)ℓδ+ . Let
Φ(λ, ℓδ+) : V (λ+ ℓδ+) −→ V (λ)⊗ V (ℓδ+)
be an injective U -module homomorphism given by Φ(λ, ℓδ+)(vλ+ℓδ+) = vλ ⊗ vℓδ+ .
Since V (λ)⊗ V (ℓδ+) is completely reducible [1, Theorem 2.12] and U(vλ ⊗ vℓδ+)
∼=
V (λ+ ℓδ+), Φ(λ, ℓδ+) is well-defined. We put
ϑ−ℓ = S(λ, ℓδ+) ◦ Φ(λ, ℓδ+) : V (λ+ ℓδ+) −→ V (λ),
which is U−-linear. Now, we have the following commutative diagram
K(λ+ ℓδ+)
θ−ℓ

πλ+ℓδ+
// V (λ+ ℓδ+)
ϑ−ℓ

Φ(λ,ℓδ+)
// V (λ)⊗ V (ℓδ+)
S(λ,ℓδ+)
xxqq
q
q
q
q
q
q
q
q
q
q
q
q
q
q
q
q
q
q
K(λ)
πλ
// V (λ)
where the vertical maps are U−-linear and the horizontal ones are U -linear. Note
that if we take ℓ ≫ 0 such that the partition corresponding to λ + ℓδ+ contains
the rectangle (nm), then chK(λ+ ℓδ+) = chV (λ+ ℓδ+) [2, Theorm 6.20] and hence
K(λ+ ℓδ+) = V (λ+ ℓδ+) or πλ+ℓδ+ is an isomorphism.
6.3. We will first prove Theorem 4.11 for λ + ℓδ+ ∈ P˜
+ with ℓ ≫ 0. For b ∈
B(K(λ))/{±1}, let u(b) ∈ U− be a homogeneous element such that u(b)1λ ∈
L (K(λ)) and u(b)1λ ≡ b mod qL (K(λ)). By Nakayama’s lemma, {u(b)1λ | b ∈
B(K(λ))/{±1} } is an A-basis of L (K(λ)) (and hence a Q(q)-basis of K(λ)). More-
over, { θℓ(u(b)1λ) = u(b)1λ+ℓδ+ | b ∈ B(K(λ))/{±1} } is an A-basis of L (K(λ+ℓδ+))
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since θℓ is a U
−-linear isomorphism with θℓ(L (K(λ))) = L (K(λ + ℓδ+)). So, we
can take a set of homogeneous vectors
U (λ) = {u1, . . . , ud } ⊂ U
−
such that {u1 1λ+ℓδ+ , . . . , ud 1λ+ℓδ+ } is an A-basis of L (K(λ + ℓδ+)) for ℓ ∈ Z,
where d = dimK(λ).
Now, we choose ℓ≫ 0 such that
(1) V (λ+ ℓδ+) = K(λ+ ℓδ+),
(2) q2ℓ t20 e
′′
0(u)1λ ∈ qL (K(λ)) for all u ∈ U (λ).
Since t20 e
′′
0(u)1λ = q
2〈h0,λ+α+α0〉e′′0(u)1λ with wt(u) = α, the condition (2) implies
t20 e
′′
0(u)1λ+ℓδ+ = q
2〈h0,λ+α+α0+ℓδ+〉 e′′0(u)1λ+ℓδ−
= q2〈h0,λ+α+α0〉+2ℓ e′′0(u)1λ+ℓδ+
= θℓ(q
2ℓ t20 e
′′
0(u)1λ) ∈ qL (K(λ+ ℓδ+)).
(6.2)
We claim that
(6.3) e˜kL (λ+ ℓδ+)
′ ⊂ L (λ+ ℓδ+)
′, f˜kL (λ+ ℓδ+)
′ ⊂ L (λ+ ℓδ+)
′
for k ∈ I. By (1), we have L (λ+ℓδ+)
′ = πλ+ℓδ+(L (K(λ+ℓδ+))) = L (K(λ+ℓδ+)),
but to emphasize that the crystal operators in (6.3) are those on the modules in Oint
(that is, e˜0 = q
−1t0e0 in (3.5)), we use the notation L (λ+ ℓδ+)
′.
It is clear that L (λ + ℓδ+)
′ is invariant under e˜k and f˜k for k ∈ I \ {0} since
L (λ + ℓδ+)
′ is a lower crystal lattice as a Um|0-module and a upper crystal lattice
as a U0|n-module (see (6.1)). Also we have f˜0L (λ + ℓδ+)
′ = f0L (λ + ℓδ+)
′ ⊂
L (λ+ ℓδ+)
′ since L (K(λ+ ℓδ+)) is invariant under f˜0 = f0. So it remains to show
that L (λ + ℓδ+)
′ is invariant under e˜0. Let u ∈ U (λ) be given with wt(u) = α.
Then
e0u = (−1)
|α|ue0 +
t0e
′′
0(u)− t
−1
0 e
′
0(u)
q − q−1
or
q−1t0e0u = (−1)
|α|q−1t0ue0 +
e′0(u)− t
2
0e
′′
0(u)
1− q2
,
which implies that
(6.4) e˜0(u1λ+ℓδ+) = q
−1t0e0u1λ+ℓδ+ =
1
1− q2
(
e′0(u)1λ+ℓδ+ − t
2
0e
′′
0(u)1λ+ℓδ+
)
.
Since u 1λ+ℓδ+ ∈ L (K(λ + ℓδ+)), we have e
′
0(u)1λ+ℓδ+ ∈ L (K(λ + ℓδ+)) by (4.6).
By (6.2), we have t20e
′′
0(u)1λ+ℓδ+ ∈ qL (K(λ + ℓδ+)). Therefore, q
−1t0e0u1λ+ℓδ+ ∈
L (K(λ+ ℓδ+)). This proves that e˜0L (λ+ ℓδ+)
′ ⊂ L (λ+ ℓδ+)
′.
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By (6.3), L (λ+ ℓδ+)
′ is a crystal lattice of V (λ+ ℓδ+), and by the uniqueness of
a crystal lattice [1, Lemma 2.7 (iii)], we have
(6.5) L (λ+ ℓδ+)
′ = L (λ+ ℓδ+).
It is clear that the induced map πλ+ℓδ+ : L (K(λ + ℓδ+))/qL (K(λ + ℓδ+)) →
L (λ+ ℓδ+)/qL (λ+ ℓδ+) commutes with e˜k, f˜k and f˜0 (k ∈ I \ {0}). Also by (6.4),
we have e˜0(u1λ+ℓδ+) ≡ e
′
0(u)1λ+ℓδ+ mod qL (λ+ ℓδ+) and hence πλ+ℓδ+ commutes
with e˜0. Therefore, πλ+ℓδ+(B(K(λ+ ℓδ+))) = B(λ+ ℓδ+) by Theorem 4.8, and we
have a weight preserving bijection
(6.6) πλ+ℓδ+ : B(K(λ+ ℓδ+))/{±1} −→ B(λ+ ℓδ+)/{±1},
which commutes with e˜k and f˜k for k ∈ I. By (6.5) and (6.6), Theorem 4.11 holds
for λ+ ℓδ+ for ℓ≫ 0.
6.4. Let ℓ be as in Section 6.3. Since Φ(λ, ℓδ+)(L (λ+ ℓδ+)) ⊂ L (λ)⊗L (ℓδ+) and
S(λ, ℓδ+)(L (λ)⊗L (ℓδ+)) = L (λ), we have the following commutative diagram
L (λ+ ℓδ+)/qL (λ+ ℓδ+)
ϑ−ℓ

Φ(λ,ℓδ+)
// L (λ)⊗L (ℓδ+)/qL (λ)⊗L (ℓδ+)
S(λ,ℓδ+)
tt❥❥❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
L (λ)/qL (λ)
Since
Φ(λ, ℓδ+)(B(λ+ ℓδ+)/{±1}) ⊂ B(λ)⊗B(ℓδ+)/{±1},
S(λ, ℓδ+)(B(λ)⊗B(ℓδ+)/{±1}) ⊂ B(λ)/{±1} ∪ {0},
ϑ−ℓ induces a map
ϑ−ℓ : B(λ+ ℓδ+)/{±1} −→ B(λ)/{±1} ∪ {0}.
Note that Φ(λ, ℓδ+) is an injecttive map which commutes with e˜k and f˜k for k ∈ I
up to a multiplication by ±1.
Let us describe ϑ−ℓ more explicitly. Let λ
◦ and (λ + ℓδ+)
◦ be the partitions in
Pm|n corresponding to λ and λ+ ℓδ+, respectively. Let us identify B(λ)/{±1} and
B(λ+ℓδ+)/{±1} with SSTB(λ
◦) and SSTB((λ+ℓδ+)
◦), respectively. Also, we may
identify B(ℓδ+)/{±1} with SSTB(ℓ
m).
Suppose that T ∈ SSTB((λ + ℓδ+)
◦) is given. By [10, Theorem 4.18], the multi-
plicity of V (λ+ ℓδ+) in V (λ)⊗ V (ℓδ+) is 1, and there exist unique T1 ∈ SSTB(λ
◦)
and T2 ∈ SSTB(ℓ
m) such that T1 ⊗ T2 generates the same I-colored oriented graph
as that of T (called crystal equivalent in [1]). Indeed, we have T = (T2 → T1) :=
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(ψ(T2)→ T1), where ψ is as in (3.8). This implies that Φ(λ, ℓδ+)(T ) = T1 ⊗ T2. By
definition of S(λ, ℓδ+), we have
S(λ, ℓδ+)(T1 ⊗ T2) =
T1, if T2 = Hℓδ+,0, otherwise,
whereHℓδ+ ∈ SSTB(ℓ
m) is the highest weight element with weight ℓδ+ withHℓδ+(i, j) =
m− i+ 1 for 1 ≤ i ≤ m and 1 ≤ j ≤ ℓ. Hence, we have
ϑ−ℓ(T ) =
T1, if T2 = Hℓδ+ ,0, otherwise.
In particular, ϑ−ℓ is surjective. By Nakayama’s lemma, ϑ−ℓ(L (λ + ℓδ+)) = L (λ),
and
πλ(L (K(λ))) = ϑ−ℓ ◦ πλ+ℓδ+ ◦ θℓ(L (K(λ)))
= ϑ−ℓ ◦ πλ+ℓδ+(L (K(λ+ ℓδ+)))
= ϑ−ℓ(L (λ+ ℓδ+)) = L (λ).
This proves Theorem 4.11 (1) and (2).
Another way to describe ϑ−ℓ(T ) is as follows; for T ∈ SSTB((λ+ ℓδ+)
◦), let T1 ∈
SSTB(λ
◦) and T2 ∈ SSTB(ℓ
m) be the unique tableaux such that (T2 → T1) = T .
Let T ′ be the sub tableau in SSTB(ℓ
m) with T ′(i, j) = T (i, j) for 1 ≤ i ≤ m and
1 ≤ j ≤ ℓ. By considering the recording tableau of (T2 → T1), we see that T
′ = Hℓδ+
if and only if T2 = Hℓδ+ , and in this case T1 is given by T1(i, j) = T (i, j + ℓ) for
1 ≤ i ≤ m and 1 ≤ j ≤ λ◦i , and T1(i, j) = T (i, j) for i ≥ m and 1 ≤ j ≤ λ
◦
i .
Let T ∈ SSTB((λ + ℓδ+)
◦) be given such that ϑ−ℓ(T ) 6= 0 and ϑ−ℓ(x˜kT ) 6= 0
for some k ∈ I (x = e, f). Suppose that Φ(λ, ℓδ+)(T ) = T1 ⊗ Hℓδ+ for some T1.
Since ϑ−ℓ(T ) 6= 0, ϑ−ℓ(x˜kT ) 6= 0 and Φ(λ, ℓδ+)(x˜kT ) = x˜kΦ(λ, ℓδ+)(T ), we have
x˜k(T1 ⊗Hℓδ+) = (x˜kT1)⊗Hℓδ+ , and hence
(6.7) ϑ−ℓ(x˜kT ) = x˜kϑ−ℓ(T ).
Finally, we have a commutative diagram
B(K(λ+ ℓδ+))/{±1}
θ−ℓ

πλ+ℓδ+
// B(λ+ ℓδ+)/{±1}
ϑ−ℓ

B(K(λ))/{±1}
πλ
// B(λ)/{±1}
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Here θ−ℓ and πλ+ℓδ+ are bijections commuting with e˜k and f˜k for k ∈ I. By (6.7),
we conclude that Theorem 4.11 (3) holds. This completes the proof of Theorem
4.11.
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